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The electrostatic force of removal is calculated for a ~phere in
contact with a grounded plane in an externally applied electric field
that is normal to the plane. The electrostatic force is given by
the sum of the Lorentz force QE , where Q is the free charge on the
sphere and E is the applied el~ctric field, and the electrical force
between the ~phere and the plane. The force between the sphere and
the plane can be described by the interaction between the bound and
free charges on the sphere, whose distribution is strongly influenced
by the polariza~ion of the sphere, and their images in the plane.
The polarization charge distribution of the sphere is described by
a linear multipole expansion. The multipole terms are calculated
by a simple, iterative, self-consistent scheme, in which the exter~

nally applied field and the image charges induce the polarization of
the sphere. The net electrostatic force on the sphere is given by
the sum of the force on each linear multipole in the expansion. Two
novel results of this.force computation are found. The force on the
higher order multipoles increases with the applied electric field
more rapidly than the Lorentz force. For a given charge level, a
field magnitude exists above which the net electric force is adhes­
ional. Furthermore, an optimum charge level exists that minimizes
the field required for eLectrostatic removal.

INTRODUCTION

The electrostatic force on a charged insulating particle resting on a
plane conductor is important in a wide variety of applications including
the electrostatic transfer of toner from a photoconductor in the electro­
photographic cycle. High transfer efficiency is achieved when the electro­
static force of removal greatly exceeds the adhesion force. The adhesional
forces acting on an insulatin~ ~article resting on a substrate have been
broadly classified elsewhere.' In order of decreasing strength they
include chemical forces, the double layer force, the van der Waal/London
dispersive force, and the gravitational force. The image force is often
included as another source of adhesion, which is appropriate for charged
particles with no externally applied field. In the case of electrostatic
transfer or removal, the image force is a strong function of the applied
electric field, as shown in this paper. Therefore, the image force should
be considered as part of the net electrostatic force of removal.
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Current flow determines the charge distr!b~tion4 and the electrostatic
force on particles with nonzero conductivity_' Electrostatic computations
on a charged dielectric sphere with a fixed initial charge distribution and
induced polarization is appropriate for insulating toner particles in the
electrophotographic cycle because the charge relaxation time for toners is
very long (hours or more) compared with the typical residence time on the
photoconductor (seconds). Thus, the"charge redistribution due to current
flow within toner particles is negligible.

(1)
1 Q2

-----
47fs (2R) 2

m

The image force on a point charge Q located at a distance R from an
infinite plane conductor at zero potential is usually analyzed by use of
the method of images and Coulornbts law. The resulting image force is given
by

Computing the force on a charged, dielectric sphere of radius R and permit­
tivity s in a medium of permittivity E , resting in contact with an infinite
groundedPplane (Figure I, s = 0) is gre~tly complicated by the induced polar­
ization charge on the sphere. The sphere is polarized by the field produced
by the image charge in the conducting plane as well as any externally applied
electric field. For an isolated sphere in a uniform field, the polarization
produces no net force. For a dielectric sphere near a grounded plane, how­
ever, the field due to the image charges is manifestly nonuniform. In that
case the simple expression for the image force on the sphere must be modified
to include the dielectrophoretic (DEP) force.

The dielectrophoretic effect has
6
been modelled by representing the

dielegt,ic sphere by a simple dipole. In the uniform field approxima­
tion,' the dipole moment is given by

z

Figure 1. Dielectric sphere, of permittivity E and radius R, a distance
s from the conducting plane, located a z = 0, iE a medium of permittivity
sm- Also shown is an applied field Eo, normal to the plane.
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where the value of E at the location of the center of the sphere, with the
sphere removed, is used. The nonuniformity of the electric field is then
used for the force expression

F
DEP (Peff . \1) E ( 3)

In the case of a sphere that is resting in contact with a conducting sur­
face this approach is cl~grly inadequate. Because the image charge is
located at z = -R, only 2R from the center of the particle, the variation
of the field is large compared with the dimension of the particle. It has
been shown that the simple approach8t~ analyzing DEP can be corrected by
the use of higher order multipoles. I In this case, the charge distri­
bution for the sphere can be represented by a linear rnultipole expansion,
located for convenience at the center of the sphere.

The solution set of multipoles and their images is found by simultan­
eously solving a set of three electrostatic equations. The first equation
relates the source multipole, which describe the charge distribution of the
dielectric sphere, to the generating field, which is comprised of the field
due to the image multipoles and the externally applied field. The second
equation describes the field in the half-space outside of the grounded
plane due to the image multipoles by a multipole expansion of the potential.
The third equation relates the image multipoles located at z = -R to the
source multipoles located at z = +R by the method of images.

THEORY

Multipole Calculation

The potential outside of any localized charge distribution can be
written as an expansion in spherical harmonics, located at the origin of
the coordinate system,

¢ {r)
~ y~ (8/¢)
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h h f£ . . . 1 . lO h .were t e coe ~c~ents B contaln the mu tlpole moments. In t 15 paper
only the axially symmetrtcmcase is considered because the applied field
is normal to the conducting plane (Figure l). In the case of axial (azi­
muthal) symmetry, the spherical harmonics can be replaced by Legendre
polynomials Pn(cose)

p (n)pn (cos8)

r
n=O 4'ITE r n+1

m

(n) . . . 11. .
and the pare deflned to be Ilnear multlpoles. Llnear multlpoles
can be generated by combinations of point charges as shown in Figure 2.
A dipole is generated by inverting the charge of the monopole and displac­
ing it by a distance d from the positive monopole. A linear quadrupole
is generated by the same operation -- inverting the charge of a dipole and
displacing it from a positive dipole. An octupole is generated from two
quadrupoles and so forth. Note that in each case the pole whose charge
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Figure 2. Linear multipoles, constructed from point charges.

was reversed is displaced in the -z direction so that positive linear multi­
poles have the characteristic that the point charge furthest in the +z
direction is positive. In this point charge constr~gtion, the magnitude of
the q and the d determines the magnitude of the n multipole. With the
approBriate line~r multipoles in Equation 5, the potential in space due to
the dielectric sphere can be specified. A second expansion, closely related
to the first, is used for the image charges.

The multipole moments induced in a dielectric spgege by an externally
applied electric field have been calculated by Jones I in terms of the
axial field E and its derivatives, evaluated at the location of the center
of the sphere with the sphere removed.
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The monopole moment p(O) = Q is given by the net charge on the sphere. If
we use the definition

E
z

(7)

then Equation 2 is simply a special case of Equation 6.

Consider an initially unpolarized, dielectric sphere with charge Q
whose center is located at z = +R, as shown in Figure 1 with s=O. Assoc­
iated with the ground plane is an image charge located at z = -R. The
axially symmetric field evaluated along the z-axis, with the sphere removed,
is given by

E
z

1

41TS
"m

-Q

(Z+R) 2

(8)

Inserting Equation 8 into Equation 6 shows thtt)the image monopole will
induce an infinite set of linear multipoles p n at z = +R in the dielec­
trtc) sphere. This will, in turn, require an infinite set of image multipoles
p. n located at z = -R to preserve the boundary condition along z = o.
Tfius, the potential due to the charge distribution on the grounded plane
is given, according to Equation 5, by

¢(r, e) ~ Pi (n) Pn (cose) (9)

n=O 41T€ r n+l
m
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along the z axis is given by E

(10)

-'V¢ evaluated

Also included in Equation 10 is any externally applied field Eo that may
be present.

The Method of Images

The image multipoles must be related to the source multipoles according
to the method of images. The point charge representation illustrated in
Figure 2 makes the construction of image multipoles straightfoward as shown
in Figure 3. The method of images actually involves two operations, a
spatial inversion about the z = 0 plane and charge inversion. Thus for a
point s~urce charge q located at z, the image charge is given by -q located
at -z. The effect of these two operations on linea~ multipoles depends on
the symmetry of the multipole with respect to the transformations. The
charge inversion operator c produces an opposite polarity multipole.

(11)

The effect of the spatial inversion operator ~, however, depends upon the
mirror symmetry of the linear multipole.

MONOPOLE
(0=0)

DIPOLE
(n=1)
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Figure 3. Linear multipoles and their images.
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Combining the operators gives the complete method of images transformation

~= C *?n- (13)

(n)
p.

J..
~. (p (n) ) (14)

Force Calculation

. . ., 9
The electrical force on the dlelectrlc sphere 1S glven by

F
e
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p
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Inserting Equations 10 and 14 into Equation 15 1 and doing the differentia­
tion term by term/

F
e
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p 0

1
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m
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n=O k=O n+k+2

n! k! (z+R)

(16)

By solving Equations 6, 10 1 and 14 simultaneously for z = R, the solution
set of multipoles necessary to evaluate Equation 16 are determined for the
case of a dielectric sphere of radius R touching a conducting substrate.
Equation 16 is evaluated using this set of multipoles and z = R. Note that
the Lorentz £orce QE appears as the leading term of Equation 16. Similarly,
the image force, Equ~tion 1, appears as the n = k = 0 term.

RESULTS

The details for solving Equations 6 1 10, and 14 are given elsewhere.
12

The solut~on is rer5ficte~Nfo ~ finite number,of multipoles 7 N ~ 64. Once
the solutlon set p •.. p 15 found I Equatlon 16 is evaluated to find
the net electrostatic force on the sphere.

Before analyzing the case of electrostatic removal, consider a charged,
dielectric sphere a distance s from a conducting plane with no applied
field, in a vacuum. Figure 4 is a logarithmic plot of the force attracting
the sphere towards the plane as a function of the separation distance calcu­
lated using Equation 16. Note that for a sphere of relative permittivity
k = 1 (k = £ / £0) no polarization is possible, this case represents
E~ation Pl. Rt large separations, polarization effects are negligible
and the force of attraction for all k is given by Equation 1. As the
separation becomes small I the field p~oduced by the image charge is suf­
ficient to pol~rize the sphere for k > 1 and significantly alter the image
force. Davis analyzed this probleg by ~umerically solving Laplace's
equation in bispherical coordinates. His results are also given in Figure
4 for comparison ..

A force of attraction between an uncharg-ed sphere and a ground plane
is induced by a strong external field because it polarizes the sphere.
This case is shown in Figure 5 along with Davis1s results for the identical
problem. At large separations, only the dipole interactions are signif­
icant. As the separation becomes small, force contributions from higher
order multipoles become important.

The problem of the electrostatic removal force of a dielectric sphere
in contact with a conducting plane combines the features of Figures 4 and
5. That is, the attractive electrical force increases with the charge Q
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Figure 4. T~Ionet electrostatic force on a dielectric sphere, of charge
Q = 3.3 x 10 C, in a medium of permittivity EO vs. the separation between
the sphere and a ground plane. Shown are the results from the multipole
calculation for several relative permittivities of the sphere (solid lines) .
Also shown are the results from a solution to Laplace's equation in bispher­
ical coordinates from Reference 13 (circles).
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Figure 5. The net electrostatic force on an uncharged dielectri~ sphere
in a medium of permittivity E with an applied field EO = 3 x 10 Vim vs.
the separation between the spRere and a ground plane. Shown are the results
from the multipole calculation for several relative permittivities of the
sphere (solid lines). Also shown are the results from a solution to
Laplace's equation in bispherical coordinates from Reference 13 (circles).
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(

(Equation 1) and with the dielectric constant £ (Figure 4) as well as with
the applied field EO (Figure 5). On the other gand, the Lorentz force pull­
ing the sphere away from the plane goes as QE

O
and is independent of £ •

Thus, we can expect to find that the force of removal is a complicatedPfunc­
tion of Q, EO' and Sp.

The net electrical force may be plotted as a function of the particle
charge and the applied electric field using equi-force contour plots as
shown in Figure 6. Identified are the four regimes of importance.

< F
A

Polarization Adhesion:
Image Adhesion:
Mechanical Removal:
Electrostatic Removal:

F < 0
Fe < 0
Oe < F

FA < F:

where F is the net electrical force, Equation 16, and FA is the adhesion
force gIven by

F = F + F
A V G

(17)

where FV is the van der Waals force between a sphere and a plane.

(18)

where hw
O

is the Lifshitz-van der Waals constant and Zo is the distance of
closest approach between the sphere and plane. The gravitational force
is given by

F
G

4 3
3 nR p (19)

where p is the volume density of the sphere.

In the Polarization Adhesion regime, the applied electric field is
large, but the particle charge is small. The net electrical force is dom­
inated by the attraction of the induced polarization charge (multipoles)

POlarization
Adhesion

Electrostatic
Removal

u
Q,)

lJ..J

"'0
QJ

7
I
I
I
\
\
\

\..

' ......
Mechanical - - - -
Removal

Image
Adhesion

Particle Charge

Figure 6. Sketch of the equi-force contours for the combinations of par­
ticle charge and applied electric field identifying the four regimes of
interest.
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to their images in the grounded plane. Thus, Fe < 0, or towards the ground
plane. The existence of the Polarization Adhesion regime is the principal
new result of this work. Since the magnitude of multipole interactions
decreases rapidly with separation distance, removal by mechanical vibration
or other means is possible if sufficient separation is achieved. Never­
theless, removal by mechanical means may not be very effective in the
Polarization Adhesio~ regime because separation distances on the order of a
particle radius must be achieved.

In the Image Adhesion regime, the applied electric field is small an10)
the particle charge is high. The Coulombic force between the monopole (p ~

Q) and its image in the grounded plane dominates.

In the Mechanical Removal regime, both the applied field and the par­
ticle charge are small., The electrostatic force favors removal but is smal­
ler than the force of adhesion (van der Waals and gravitational). Mechan­
ical vibrations or other means of separating the particle from the plane
momentarily are required for removal to occur.

In the Electrostatic Removal regime, both the particle charge and app­
lied field are large. The Lorentz force dominates and a particle is removed
electrostatically from the grounded plane. This condition is achieved in
the electrophotographic cycle to accomplish high toner transfer efficiency.
Of course, the location of the demarcation line between the Mechanical
Removal regime and the Electrostatic Removal regime will depend upon the
magnitude of FA.

Computed results corresponding to Figure 6 are given in Figures
7 - 9 for a 10 ~m radius sphere and a range of relative permattivities, as
labelled on the figures. In each case the medium is vacuum, £ = EO.and
the sphere is taken to be resting on the conducting substrate.

m
The equi­

force contours are given by the force ratio

(20)

h f . 8" . 3,14T evan der Waals orce was calculated for Equatlon l~ uSlng hwo = 3 eV
and Zo = 0.6 nm, t~e gra~itational force was calculated from Equation19
using p = 2.5 x 10 kg/ro but is negligible for this size sphere.

The values for EO r§nge from the upper limit of field induced emission
at app,oximatelY E = 10 Vim to E 105 Vim. Naturally, fields above
3 x:O Vim or higRer are possible ~or 10 ~m spheres in air only if air gaps
are kept small according to the Paschen curve1S .

Several observations may be made from Figures 7 - 9:

(21)o/

Ie The monopole's attraction to its image in the ground plane (the
familiar point charge image force, Equation 1) dominates the Lorentz force
in the Image Adhesion regime. The transition into removal regimes is not
strongly dependent on the relative permittivity of the sphere. As seen in
Figure 4, the electrical f9fce varies by less than an order of magnitude
over a 2 < € < 10. The ~ = 0 contour bordering the Image Adhesion regime
has a slope gf unity, and to first ord~r is independent of the particle per­
mittivity. This can be demonstrated ana1yticall~if we consider only the
n ~ k = 0 term in Equation 16. Thus, along the~ = 0 line

1 Q2
QEO- -----
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Figure 7. Equi-force contours for a 10 ~m radius partic!7 of relative per­
mittivity k = 3, in units of adhesion force FA = 5 x 10 N. The zero
force linesPindicate the boundary between the two adhesion regimes and the
two removal regimes. The +1 force line is the boundary between the
Mechanical Removal regime and the Electrostatic Removal regime. Also shown
are char~e/mass values calculated assuming a particle mass density of
1.2 x 10 kg/m, which is appropriate for Kodak Ektaprint™ toner.

theref 9 r e,

E = _l__Q_

o 4TIEm (2R)2
(22)

2. The attraction of the induced polarization charges to their images
in the ground plane dominates both the Lorentz force and other adhesion
forces in the Polarization Adhesion regime. The transition between Polar­
ization Adhesion and the removal regimes is very sensitive to the relative
permittivity of the sphere. As seen in Figure 5, the electrical force at
close spacings varies by over an order or magnitude for 2 < E < 10. The
~= 0 contour b~6dering the Polarization Adhesion regime hasPa slope of
unity indicating that the terms from Equation 16, along that contour, can
be grouped ~nto two factors I one proportional to QE O and the other propor­
tional to Q , as in Equation 21 leading to a relationship similar to Equa­
tion 22.

3. The transition from the Image Adhesion regime to the Electrostatic
Removal regime is very abrupt for a highly charged sphere as compared to a
lower charged sphere's transition from Mechanical Removal to Electrostatic
Removal.
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Figure 8. Equi-force contours for a 10 ~ radius particl~7of relative per-
mittivity k = 6, in units of adhesion force F 5 x 10 N. The zero
force linesPindicate the boundary between the ~wo adhesion regimes and the
two,removal regimes. The +1 force line (cf. Fig. 7) is the boundary between
the Mechanical Removal regime and the Electrostatic Removal regime. Also
shown are charge/mass values calculated assuming a particle mass density of
1.2 x 103kg/m3 , which is appropriate for Kodak Ektaprint™ toner.

4. An optimum particle charge exists that minimizes the applied elec­
tric f1

7
"eld required for electrostatic removal, corresponding to the minimum

of the = +1 contour. The optimum charge is insensitive to the relative
permittivi!r30f the sphere. For a 10 ~m radius particle, the optimum charge
is ~l x 10 C resultin~ in a~ optimum charge to mass ratio of ~16 ~C/g

(mass density = 1.2 x 10 kg/m). In the vicinity of the optimum charge and
minimum electric field, small changes in charge or-applied field result in
relatively small changes in force. The Lorentz force and the net electric
polarization vary together. Of course, the optimum charge and field depend
strongly upon the magnitude of FA-

CONCLUSIONS

A new, heuristic method of calculating the net electrostatic force on
a charged, dielectric sphere resting on a grounded plane in an externally
applied electric field is presented_ The polarization charge density,
which can have a dramatic effect on the net force, is represented by a
series of linear multipoles.
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Figure 9. Equi-force contours for a 10 ~m radius particl~7of relative per-
mittivity kp = 9, in units of adhesion force F 5 x 10 N. The zero
force lines indicate the boundary between the ~wo adhesion regimes and the
two removal regimes. The +1 force line (cf. Fig. 7) is the boundary between th
Mechanical Removal regime and the Electrostatic Removal regime. Also shown
are char~e/rnas~ values calculated assuming a particle mas~ density of
1.2 x 10 kg/m, which is appropriate for Kodak Ektaprint M toner.

Force computations made using the multipole expansion method
9

are in
agreement with the results of a formal solution to Lr~lacets equation using
eigenfunction expansions in bispherical coordinates.

Using the mUltipole expansion method, the electrostatic removal of
dielectric spheres is examined in detail. The two important results are:

1. A regime of Polarization Adhesion is identified in which the
attraction between induced polarization charges and their images in the
ground plane dominate. Mechanical vibration or other means of removing
particles is inefficient in this regime because separation distances on
the order of a particle radius must be achieved to overcome the electro­
static adhesion.

2. An optimum particle charge exists that minimizes the electric f~7ld

require~4for removal. For a 10 ~m radi~s.pa¥~icle, assumin~ FA ~ 5 x 10 N,
typical of the adhesion of Kodak Ektaprlnt toner on an lllumlnated
Ektaprint™ film loop, the optimum -charge to mass ratio is 16 l1C/g.
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